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Abst ract - -Some spectral problems which arise in the study of forced solitary waves governed by 
the forced Korteweg-deVries (fKdV) equation are studied within the context of ordinary differen- 
tial operators. Phenomena of interest are described in terms of continuous spectra with imbedded 
eigenvalues. (~) 1998 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The forced Korteweg-de Vries (fKdV) equation 
O¢ O~ 02~ OP 
-~ + (# - ~) Ox Ox 3 - O~ (1) 
describes the free surface displacement ¢(x, t) of a shallow layer of water of uniform depth, 
subject o changes due to the combination of an applied surface pressure distribution and bottom 
topography, given by P(x, t) as the forcing function, where # = 6(F -  1)/k 2 is a parameter 
measuring the departure of the Froude number F = U/v f~ from its critical value F = 1 (critical 
speed U = Co) in terms of the characteristic wave number of the disturbance k = 2rh/L,  L being 
the characteristic length of the disturbance [1,2]. 
Steady solutions ( a°-~ = 0) are known to exist for (1) and for now we only assume that such a 
solution ¢8 (x) satisfies 
I~s(x)l=O(e -c'x') , as Ixl --* oo, 
for some c > O. The solutions are given in [1]. 
The linearized stability is carried out assuming 
and that ~ is infinitesimally small so that the resulting disturbance quation may be linearized. 
Make the separation assumption (or take Laplace transforms) 
~(X,t) = f(x)e ~t. 
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The resulting ordinary differential equation is 
d-'x -~x 2 + ~s(x) - /z f = ~rf, 
with the condition 
(2) 
f ~l f l  2 < ~.  (3) dx O0 
Equation (2) is the eigenvalue problem which is treated in the works [1,2] cited earlier. The first 
intent of this letter is to make a few comments about the nature of the spectral problem posed; 
it is third order on an unbounded interval, and thus, is relatively nonstandard. Then, conditions 
for stability are derived, complementary to those discussed in those works. 
Some comment first about the nature of the spectral problem implied by (3). This is stronger 
than assuming f --* 0 as Ixl -*  ~.  However, it also turns out that the differential equation itself 
dictates even more, as we shall see. If we want to know values of ~ for which square integrable 
solutions exist, we have to exclude the continuous pectrum. With the assumed form for ~s(x), 
it is known that the following holds. 
REMARK 1A. The essential (and continuous) spectrum for (2) is the same as for the equation 
which results from setting ffs - 0, 
f , , ,  _ ~f '  = ~f ,  
and these spectral points, a~, occur where 
f = e iwz, --oo (w ~ 00, 
so that 
( i~)  3 - ~( i~)  = o~ 
or  
a~ = - iw(~ 2 + ~). 
Since w is real, the essential spectral points fill the imaginary axis, no matter whether # is positive 
or negative, and this includes a = 0. These are the "neutrally stable" solutions. 
REMARK lB.  There will be at most, a finite number of eigenvalues ap for (2). 
A proof of these results for general ordinary differential operators may be found in [3]. 
Next, we turn to conditions for the nonexistence of unstable igenvalues. Look for the differ- 
ential equation adjoint to (2), in the inner product given by 
The resulting equation is 
(f, g) = f(x)-~(x) dx. 
O0 
d } d~o 
- ~ + Cs(z) - ~ ~ = ~,  (4) 
where again 
/ ~1~12 < ~.  dx 
The same criteria Remarks 1A and 1B apply to (4) as to (2): The essential spectrum fills the 
imaginary axis and the eigenvalue spectrum is finite. 
2.  CAUTIONARY EXAMPLE 
It has been asserted that a = 0 lies in the essential spectrum; can it still be an eigenvalue of (2) 
or (4)? The following theorem is well known [4, p. 90]. 
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THEOREM 1. Let A be an eigenvalue of finite index for the (linear) operator L and let both L - A 
and L* - -~ have closed ranges; then ~ is an eigenvalue of  L* also. 
Suppose then we let L be represented in (2) and L* in (4), with (s(X) = 2sech2(x), # = 1 and 
a = ~. The resulting differential equation has the solution 
f = sech(x), 
when a = 0, which satisfies f-¢¢oo f 2dx < co. However, the adjoint differential equation has no 
eigensolution when ~ = 0, since such a function must satisfy f-~o¢ I~al 2dx < co, where 
f ~o= 7(~)d~. 
In particular, because f = sech(x), 
~(x) = tan - l(sinh(x)),  
/? lim ~#0 and ~o 2dx=co.  
By the theorem just quoted, we have that since 0 is not an eigenvalue of L*, then either L or L* 
has nonclosed range or 0 is an eigenvalue of infinite index (or possibly all three). In fact, 0 is an 
eigenvalue of infinite index, which makes the perturbation solution about f work in [2]. Next, 
integrate (2) from -co  to co. Now f "  must vanish as Izl - - ,  co and 
/? 0 = a fdz .  
o~ 
This compatibility condition holds for all eigenfunctions, but the integral does not vanish for the 
eigenfunction f = sech(x) in the example where a = 0. 
3. CONDIT IONS FOR STABIL ITY  
Consider again the original equation (2), define q0 = f_xc¢ 7(~)d~, multiply both sides by ~ and 
integrate. Then 
f[[ ] f? ka"l 2 + (# - ~s(x))kv' l  2 dx = tr ~a'~dx. (5) oo  (3o 
The left side of (5) is always real, but we may have two separate quations, since the right side 
is complex. Define the real quantities, Q, I, al,  a2, qOl, (p2 so that 
Q = I~"l 2 + (~ - G(x))I~'12] dx, 
o0 
/? /? i I  = qa' ~dx  = i (~2~91 -- ~qV2) dx, (6) 
co  oo  
a : al + ia2 qo : qal A- iqa2. 
Then taking real and imaginary parts in (5) 
Q = -a2 I ,  
0 =a l I .  
Now for nonneutral eigenvalues, at # 0, so I = 0 which implies that Q -- 0. Thus, no nonneutral 
eigenvalues (or eigenfunctions) exist when Q # 0. In particular, if 
- G(z) > 0, on ( -co,  co), 
Q > 0, and there can be no unstable igenvalues. 
However, a sharper esult may also be derived. This will be applied to certain of the symmetric 
and anti-symmetric cases described in [1,2]. Based on the work of Galdi and Herron [5], we have 
the following. 
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LEMMA 2. Suppose g(x), defined on (-oa, oa), is such that 
_:¢ (cosh(x)g(x)) dx < oo 
oo  
and 
f ~ (cosh(x)g'(x)) 2 < oo. dx oo  
Then 
2 fF~(g(z)) 2 dz < 1 
f~_~ (cosh(x)g'(x)) 2 dx - 
The proof is in the cited reference, but we apply it to Q taking ~v'(x) = cosh(x)g(x), so that  
g(x) = sech(x)~t(x) and with the lemma 
£ ? ?[ i 2 sech~(z) I~'(x)l: dx < I~p" - tanh(x)~' l  2 dx = I~"1: + I~v'] 2 dx, oo  oO oo  
and /? Q > I~'(x)l ~ [2 sech2(x) - 1 + # - ~s(X)] dx. (7) 
oo 
The following cases are suggested from the work of Camassa and Wu [2]. These are examples of 
specific conditions which can be derived for the linearized stabil ity of the forced Koteweg-de Vries 
equation. 
CASE (i). ~s,l(X) = 12sech2(x). Then stabil ity (Q > 0, in (7)), if # - 1 - 10sech2(x) > 0 or if 
#>11.  
CASE (ii). 
CASE (iii). 
G,2(x), # = 4. Then stabil ity (Q > 0, in (7)), if (2 - a) sech2(x) + 3 > 0 or if a < 5. 
G,3(x) = bsech2(x)tanh(x) .  Then stabil ity (Q > 0, in (6)), if 
# > max bsech2(x)tanh(x)l _- 21bl 
- -oo<x<~ (3v~)"  
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